Implementing van Leeuwen-Baerends (vLB) correction to local density approximation (LDA) exchange functional, we report results from a fast, efficient and firstprinciples full-potential N th -order muffin-tin orbital (FP-NMTO) method for self-consistent 
Introduction
Semiconducting materials have always been of great interest due to their central role in modern electronics. [1] [2] [3] [4] [5] [6] [7] In this era of designing optimal materials, it has become essential to estimate quickly and accurately the band-gaps of such materials. Experimentally we also would benefit from an efficient computational tool for predicting band-gaps (among many other properties) prior to synthesis. We consider the problem of predicting band-gaps to be solved by a computational method that delivers an accurate result for compounds spanning the whole periodic table and is simultaneously practical to compute. Standard exchange correlation (XC) functionals to denisty functional theory (DFT), such as the Perdew−Burke−Ernzerhof (PBE), 8, 9 have been the backbone of DFT-based calculations plicated density dependence. 22 In contrast, semi-empirical forms derived as corrections to the local density approximation (LDA) are fast, mathematically easy to handle and have often produce good results. [25] [26] [27] [28] [29] [30] [31] These functionals incorporate density gradients such that the potential is asymptotically well behaved. [27] [28] [29] [30] [31] For example, a van Leeuwen-Baerends (vLB) corrected 26 LDA has predicted band-gaps for bulk and nano-sized materials, [27] [28] [29] [30] [31] 34 and all were in good agreement with experimental and theoretical (hybrid-functional) values. Yet, such direct corrections to potentials fail to provide a proper DFT (i.e., total-energy functional) being not derived from a functional, and, while improved densities are found, 31, 35 they are not guaranteed. Nonetheless, accurate exact-exchange functionals with variations that approach the form enforced by vLB-LDA have appeared 32 in the LibXC library, 33 but not yet explored for solids.
Despite its successes, vLB-corrected LDA, as implemented in a tight-binding linearized muffin-tin orbital (TB-LMTO) basis, underestimated band-gaps of group IV and III-V semiconductors, e.g., Ge (and indirect nature of the gap) and GaAs. As the vLB-LDA predominantly worked well, and given that basis sets play a central role in improving electronic and structural properties, 36, 37 we improve the basis set used to construct the Hamiltonian such that they are complete and compact, rather than proposing a more sophisticated XC potential, and find more accurate results.
The full-potential N th -order muffin-tin orbital (FP-NMTO) method does not utilize an atomic sphere approximation (ASA), as often used in LMTO. 38 So, a single, compact basis set describes the entire system, including interstitial, and it is accurate whether or not the system is close-packed. For TB-LMTO, an energy-dependence basis is avoided via a Taylor's expansion to first derivative in energy. 39, 40 For FP-NMTO, an interpolation involving higherorder derivatives is used [41] [42] [43] [44] and it provides a smaller and energy-independent self-consistent basis, comparable to localized Wannier functions -a prerequisite for computational speed and efficiency. Here we implement a vLB-LDA in FP-NMTO.
Theoretical detail vLB correction in LDA
The Kohn-Sham (KS) equation transforms the interacting many-electron system to a system of non-interacting electrons moving in an effective potential due to all other electrons and ions. Using the Hohenberg-Kohn theorem, the Schrödinger's equation for many body system reduces to the so-called Kohn-Sham equation
The contribution to the total energy-functional of this effective potentials is given by
where 1 st term is kinetic energy. The 2 nd , 3 rd , and 4 th terms involve the external ion-electron
[ie], the Hartree, and exchange-correlation [XC] contributions, respectively, which combine to provide the self-consistently determined effective potential, V ef f (r), written as
and insulators.
The well-established failure of many DFT and LDA results is to fail to reproduce the measured energy gaps of semiconducting material due to wrong asymptotic behavior at r→ 0 and r→ ∞ limits. 29 The LDA decays exponentially similar to density for finite systems, however, the potential should decay as −1/r, i.e., Coulomb like. 48 Becke proposed a nonlocal correction to the energy-functional and then took the functional derivative to find the exchange potential. 25 This gave the correct form of exchange-energy density in the asymptotic region but failed to reproduce the exact behavior for the potential. Perdew and Wang developed generalized gradient approximation (GGA) to the density. 
where x = |∇ρ(r)|/ρ 4/3 (r) and β = 0.05. This method of gradient correction to the XCfunctional is more built into the theory and thus less artificial than self-interaction-corrected (SIC) approaches.
29,31
Singh et al. 29, 31 recently discussed the implementation of this method in LMTO-ASA, in particular the vLB matching condition in the interstitial (an asymptotic value within a solid). Additionally, they discussed the comparison to plane-wave implementations, and why the dielectric (or work) function is not required in site-centered methods, 29 and how the vLB-correction potential is then able to approach results of hybrid functionals. The MT-potential and partial-wave solutions: LMTO vs NMTO
In the TB-LMTO, spheres are used to describe both the variation of electronic charge and the potential. These spheres need to be space filling with minimal (optimal) overlap (≤ 15%).
Overlap is essential for atomic bonding, whereas too large an overlap of charge may lead to its over-counting. The potential for a given atom is reasonably long ranged but the atomic charge density is more localized around the ion cores. Taking these ideas into account in NMTO, there are two different classes of concentric spheres: potential (MT/ASA) spheres of radius s and charge spheres (screening/hard spheres) of radius a, wherea a < s, see Fig.1 
(b).
However, the overlap of potential spheres in NMTO can be as large as 50% so full potential approach is a pre-requisite both in ASA spheres and interstitials, see Fig.1 
The solutions of radial KS equations [Eq. 1] for atomic-potential ϕ as is continued from the core of atom towards the muffin-tin surfaces at r = s. This is matched with the solution for a flat part of potential (as in LMTO, this flat potential is taken as zero potential) ϕ int , which is denoted by ϕ 0 . The ϕ 0 is valid up to the boundary of hard sphere surface (r = a).
We normalize at the boundary of hard sphere surface (a) such that ϕ 0 | a = 1. The normalized wave-functions have superscript "a":
The ϕ 0a Rl ( , r) is matched with screened spherical waves (SSW: ψ a ) continuously but with a kink at a and truncated in the region
The SSWs grow outwards, which are sorted in two groups depending on the values of (R,l,m):
active channels (subscript A ≡ RL) and passive channels (subscript I ≡ RL). The matching described above is for the active channels which are truncated inside hard spheres with kinks.
The passive channels are substituted smoothly by ϕ as inside hard spheres. Finally, a basis set with elements termed as Kinked Partial Waves (KPW), which are defined in all space, is formed as: This basis set spanned by the KPWs is explicitly energy dependent. Energy dependent basis set slows down the calculation which was the problem in exact MTO (EMTO) formalism. In LMTO, energy dependence is removed by a self-consistent choice of energy ν about which a Tailor series expansion of basis functions are performed. The series is truncated after first order term leading to an error ∝ ( − ν ) 2 in the solution of KS equation. The energy independent set of basis functions, the so called NMTO are the superposition of KPWs at a mesh of energies (calculated self-consistently) using Newton's interpolation method such that:
where
are the terms in divided difference 
The formation of the SSWs are described in the Appendix.
Advantage of FP-NMTO over TB-LMTO
The improved basis set of FP-NMTO method is accurate, minimal and flexible. Accurate because the FP-NMTO basis solves the KS equation exactly for overlapping muffin-ten potentials. Orthonormalized FP-NMTOs are localized atom-centered Wannier functions, generated in real space with Green-function techniques, without projection from band states.
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The TB-LMTO lacks in all above. Increased computational time is the only downside of the FP-NMTO compared to TB-LMTO.
Computational detail
We apply self-consistent FP-NMTO-vLB approach to calculate electronic properties of group IV and III-V semiconductors, in particular, Ge and GaAs. For LDA, we use the CeperleyAlder XC functional as parameterized by Vosko-Wilk-Nusair. 55 The GGA calculations were carried out using PBE XC functional. 8 The distinctive feature of our calculations is the use of FP-NMTO to improve the basis set with respect to TB-LMTO. The vLB correction is implemented both in TB-LMTO and FP-NMTO. We use third-order correction to the energy derivatives of wave functions (N = 3) within NMTO to interpolate and make the basis energy independent. We use 8 × 8 × 8 k-point mesh (29 irreducible points) for Brillouin zone sampling. TB-LMTO uses the atomic-sphere approximation (ASA). The self-consistent potential converged to a difference of 10 −6 after several tens of iterations. In calculating the lattice constant, we utilized a least square fit of our data to the Murnaghan's equation of state. 56 The calculated lattice constant is less than 0.5% overestimated with respect to experiments. 57, 58 The calculated equilibrium lattice constant is used to evaluate the bulk modulus.
Results and discussion
Bulk Germanium: In Fig. 2 , we plot the band structure and total density of states (DOS)
for Ge. Ge crystallizes in the diamond (F d3m) structure. experiments. This also shows improvement over beyond-DFT approaches.
5,6,60,61
The FP-NMTO calculated DOS, compared in Fig. 2 (right-panel) , for VLB-corrected shows differences both in the energy positions and in the valence bandwidths with respect to LDA and PBE. We can see a weak shoulder at −0.60 eV followed by relatively broader peaks at −1.35, −2.25, and −2.9 eV and a sharper peak at −4.7 eV. In the conduction bands, a small shoulder can be found at 0.9 eV followed by a peak at 2.50 eV. (Fig.3(a) ). However, the LDA-vLB shows much slower fall than LDA (Fig.3(c) ).
The curvature of the XC-potential surface also improves accordingly. The plots are done at isosurface values of −0.45 eV/C for both LDA and LDA-vLB in Fig.3(b) ,(d). This shows that the XC-potential for Ge in LDA is much more localized at the atoms, but LDA-vLB is more spread over the cell. . 67 We also show the XCpotential surfaces corresponding to (b) LDA and (c) LDA-vLB in [100] plane. zone in Fig. 4(c) , shows smaller interstitial contribution. This is only possible if we have smaller number of interstitial electrons than LDA (darker spots), which consequently helps correcting the energy levels in conduction band. Table 1 : FP-NMTO band-gaps for group IV and III-V materials (in eV) from LDA, PBE and LDA-vLB compared with LMTO-LDA and experiment. For LMTO-vLB see ref. [ 29] . I=indirect-band-gap; D=direct-band-gap. The results for gaps of IV and III-V semiconductors are summarized in Table 1 . We show that improving the basis set by using FP-NMTO and vLB-corrected LDA exchangecorrelation functional yields significantly better values (with exception of InSb) and corrects the nature of the band-gap, e.g., Ge and GaP from direct to indirect (as observed).
Application to 2D materials: h−BN and h−SiC
The 2D materials, like of graphene and hexagonal boron nitride (h−BN), have drawn tremendous attention in terms of both fundamental physics and possible applications in energygeneration devices. 68, 69 Single layers of graphene and h-BN have been fabricated and found to be stable at room temperature. [70] [71] [72] Here, we exemplify the efficacy of our approach by discussing the electronic structure of 2D h−BN and SiC. Similarly, 2D h−SiC is a group IV binary compound that can be viewed as graphene (2D C) or silicene (2D Si) doped with 'Si' or 'C', respectively. The honeycomb lattice of randomly but homogeneously distributed Si atoms in symmetric, semi-metallic graphene opens up a large gap. Because of its wide band-gap, h−SiC band structure has been in active study for optoelectronic applications. 30 Unlike the polymorphs of carbon, h−SiC is a polar material.
In spite of the fact that both constituents of SiC are Group IV elements, charge is transfered from Si to C due its to higher electronegativity.
The NMTO-vLB energy minimized lattice constant of 2.62Å is in good agreement with the measured a=2.6±0.2Å. is overestimated compared to experiment (2.96 eV). 83 However, a similar trend is observed in most theoretical approaches. 82 Moreover, we found good agreement in structural behavior with experiments, while other theoretical results show significant differences, which yield a gap to be as high as 4.42 eV due to strong excitonic effects included at the G 0 W 0 level of theory.
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Conclusion
To conclude, bandgaps of semiconductors are underestimated by most semi-local exchangecorrelation functionals. Here we combined two methods that directly improve bandgap predictions: (1) Using full-potential-N th -order muffin-tin orbital (FP-NMTO) method, we made it self-consistent to provide a compact and complete optimal basis throughout a supercell volume -with no approximations, e.g., for interstitial regions; and (2) We implemented a van Leeuwen-Baerends (vLB) correction to the exchange potential within the FP-NMTO to provide a fast and efficient way to calculate accurate bandgaps, comparable to hybrid exchange functionals, with the speed of semilocal functionals (e.g., LDA and GGA). The combined improvement using a FP-NMTO-vLB optimal basis with a more accurate asymptotic be-havior of the exchange hole yields much better bandgaps as well as corrected nature of the gap (e.g., indirect in Ge). In contrast to plane waves, for example, the optimal basis-set in FP-NMTO is complete for the description of the ground state and is not over-complete. The self-consistent FP-NMTO-vLB can be more effective in calculating electronic and optical properties, localized atomic orbitals (Wannier functions), or real-space tight-binding parameters for electronic-structure studies, as exemplified here for bandgaps in group IV and III-V semiconductors and 2D-hexagonal BN and SiC nanomaterials.
Structure matrix in FP-NMTO
The definition of the structure matrix is important to form the Screened Spherical Waves (SSWs). In the language of NMTO, the structure matrix (S 0 ) of LMTO is termed as Bare Structure Matrix(B). This is found in the same way as in LMTO.
where,B 
Gaunt coeff:
If self-site terms of structure matrix is defined as B 0 R lm,R l m ( ) = −ikδ ll δ mm , then the one-center expansion can be written as:
The screening transformation of LMTO is made non linear in NMTO as: |j α (kr) = |j(kr) − tan α Rlm ( )|n(kr)
To make one center expansion similar to [eq. 13], screening transformation is found as:
Using these, the screening transformation matrix (M α ) and screened structure matrix (B α , in LMTO it is written as S α ) is:
where, k −1 tan α = k −1 tan α RL δ RR δ LL is diagonal and B α ( ), B( ) are Hermitian.
Screened Spherical Waves (SSW)
The SSWs are envelop functions produced as a superposition of the Neumann's functions as:
The background phase shifts (α) are equal to the real phase shifts (η) in case of inactive channels. 
These screened envelop functions for inactive channels are set in a way that for inactive channels, these ϕ 
